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In a previous paper we have studied two classes of fuzzy
bi-implications based on t-norms and r-implications, and
shown that they constitute increasingly weaker subclas-
ses of the Fodor-Roubens bi-implication. Now we prove
that each of these three classes of bi-implications is closed
under automorphisms.

1. Introduction

The collection of all automorphisms on a given ma-
thematical object, i.e., isomorphisms from this object into
itself, form a group with respect to the composition opera-
tor. Automorphisms have played an interesting role with
respect to fuzzy connectives, given that when a class of fu-
zzy connectives is closed under automorphisms the action
of the group of automorphisms establishes an equivalence
relation among the connectives and therefore determines
a partition on this class of connectives. Such partitions,
in some cases, have characterized important subclasses of
fuzzy connectives. For example, the class of strict t-norms
is the equivalence class of the product t-norm [8], the class
of nilpotent t-norms coincides with the equivalence class of
the �ukasiewicz t-norm [8], the class of strong negations is
the same as the equivalence class of the standard negation
[9], and the class of implications which are both strong and
residual is the equivalence class of the �ukasiewicz impli-
cation [1]. Concerning the bi-implication connective, in [5]
we have studied the relation between the more well known
de�nition proposed by Fodor and Roubens and other ap-
pealing de�nitions, old or new, of fuzzy operators that ex-
tend the interpretation of the classical bi-implication. It
seems only reasonable then to study the action of automor-
phisms on fuzzy bi-implications. In the present paper we
prove that each of the three classes of fuzzy bi-implications
studied in [5] is closed under automorphisms.

2. Fuzzy extensions of conjunction and
implication

All the following de�nitions concern the totally-
ordered unit interval U = [0, 1].

De�nition 9 A triangular norm (in short, t-norm) is a
binary operator T on U that: agrees with classical con-
junction on the boolean inputs {0, 1}, is commutative, is
associative, is increasing on both arguments, and has 1 as
neutral element.

Notions related to continuity are inherited from
Analysis. In particular:

De�nition 10 A t-norm T is called left-continuous if
for all non-decreasing sequences (xn)n∈N we have that
lim
n→∞

T (xn, y) = T ( lim
n→∞

xn, y).

It is also opportune to recall that a continuous function
preserves both limits and suprema.

De�nition 11 A fuzzy implication is a binary operator I
on U that: agrees with classical implication on boolean in-
puts, is decreasing on the �rst argument and is increasing
on the second argument.

De�nition 12 The residuum of a left-continuous t-
norm T is the operation I such that I(x, y) ≥ z i�
T (z, x) ≤ y.

It is easy to check that the residuum of a left-
continuous t-norm is unique. A particularly interesting
class of fuzzy implications is precisely the one based on
residua:

De�nition 13 A binary operator I on U is called an
r-implication if there is a t-norm T such that:

I(x, y) = sup{z ∈ U | T (x, z) ≤ y} (125)

In such case we may also say that I is an r-implication
based on T , and denote it by IT . We will say that IT is
of type LC in case T is left-continuous. In the latter si-
tuation we also say that (T, IT ) forms an adjoint pair, or
that IT is the adjoint companion of T .

2.1 Automorphisms and their actions on the fuzzy
connectives

De�nition 14 An automorphism ρ on U is a contin-
uous strictly increasing unary function with boundary
conditions ρ(0) = 0 and ρ(1) = 1.

Recall that the inverse of a strictly increasing function
on a totally ordered domain is also strictly increasing, and
that continuous strictly increasing functions over closed
intervals are bijective. From the above if follows that the
inverse of an automorphism on the unit interval is stric-
tly increasing, and in view of the boundary conditions is
also follows that automorphisms are bijective. Moreover,
since the inverse of an automorphism is also an automor-
phism and automorphisms are closed under composition,
then Aut(U), the set of automorphisms on U , forms a
group with respect to the composition operator. Thus,
as usual in algebra (see for example [7]), we may entertain
the action of members of the group 〈Aut(U), ◦〉 on arbitra-
ry representatives of a given collection of n-ary functions
on U .
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De�nition 15 The action of an automorphism ρ on a
function f : Un → U is the function fρ : Un → U de�ned
by

fρ(x1, . . . , xn) = ρ−1(f(ρ(x1), . . . , ρ(xn))) (126)

In such situation we refer to fρ as a conjugate of f . A
set F of n-ary functions on U is said to be closed under
automorphisms if it contains the conjugates of each of its
elements.

Given a collection F of functions that turns out to
be closed under automorphisms, the relation of `being a
conjugate of' is clearly an equivalence relation on F . In-
deed, if g is a conjugate of a function f , then f is a co-
njugate of g � assuming that g = fρ, then, given that
f = fρ◦ρ

−1

= (fρ)ρ
−1

, it follows that f = gρ
−1

. In addi-
tion, if f is conjugate of g and g is conjugate of h then f
is a conjugate of h, and clearly each function is conjuga-
te of itself. Consequently, an automorphism allows us to
partition the collection F .

It is well known that the sets of t-norms, s-norms, fuz-
zy negations and implications are each closed under auto-
morphisms (check, e.g., [2, 3, 8]). In the following we will
check that the subclasses of left-continuous t-norms and
of the r-implications are closed under automorphisms.

Proposition 14 Let T be a t-norm and ρ be an au-
tomorphism. Then T is left-continuous i� T ρ is a
left-continuous t-norm.

Proof. (⇒) Let (xn)n∈N be a non-decreasing sequence.
Then, given that ρ is strictly increasing, (ρ(xn))n∈N also
is a non-decreasing sequence. Thus:

lim
n→∞

T ρ(xn, y) = lim
n→∞

ρ−1(T (ρ(xn), ρ(y))) =

by Eq. (126)

= ρ−1( lim
n→∞

T (ρ(xn), ρ(y))) =

because ρ−1 is continuous
= ρ−1(T ( lim

n→∞
ρ(xn), ρ(y)) =

because T is left-continuous
= ρ−1(T (ρ( lim

n→∞
xn), ρ(y)) =

because ρ is continuous
= T ρ( lim

n→∞
xn, y)

by Eq. (126)

(⇐) Follows straightforwardly from (⇒) and the fact that
(T ρ)ρ

−1

= T .

Proposition 15 Let T be a t-norm, (IT ) be its residuum,
and let ρ be an automorphism. Then (IT )ρ = I(Tρ).

Proof. Assume T be a t-norm with residuum (IT ), and
notice that:

(IT )ρ(x, y) = ρ−1(IT (ρ(x), ρ(y))) =
by Eq. (126)

= ρ−1(sup{z ∈ U | T (ρ(x), z) ≤ ρ(y)}) =
by Eq. (125)

= ρ−1(sup{z ∈ U | ρ−1(T (ρ(x), z)) ≤ ρ−1(ρ(y))}) =
ρ−1 is strictly increasing

= ρ−1(sup{z ∈ U | ρ−1(T (ρ(x), ρ(ρ−1(z)))) ≤ y}) =
ρ−1 is the inverse of ρ

= sup{ρ−1(z) ∈ U | ρ−1(T (ρ(x), ρ(ρ−1(z)))) ≤ y}
ρ−1 is continuous

= sup{ρ−1(z) ∈ U | T ρ(x, ρ−1(z)) ≤ y}
by Eq. (126)

= I(Tρ)(x, y)
by Eq. (125)

Corollary 1 Consider a mapping I : U2 → U and an au-
tomorphism ρ. Then I is an r-implication of type LC i�
Iρ is an r-implication of type LC.

Proof. Straightforward from Propositions 14 and 15.

3. Fuzzy bi-implication and automorphi-
sms

3.1 Automorphisms on an axiomatized class
of fuzzy bi-implications Fodor and Roubens have
introduced an important class of fuzzy bi-implications [6]:

De�nition 16 The class of f -bi-implications contains all
binary operators B on the unit interval U respecting the
following axioms:

(B1) B(x, y) = B(y, x)

(B2) B(x, x) = 1

(B3) B(0, 1) = 0

(B4) If w ≤ x ≤ y ≤ z, then B(w, z) ≤ B(x, y)

In view of (B1), (B2) and (B3), it is easy to see that
any f -fuzzy bi-implication is bound to agree with classical
bi-implication on boolean inputs.

The following are some examples of f -bi-implications:

Example 14

1. BM (x, y) =

{
1 if x = y
min(x, y) otherwise

2. BP (x, y) =

{
1 if x = y
min(x,y)
max(x,y) otherwise

3. BL(x, y) = 1− |x− y|

4. BD(x, y) =

 y if x = 1
x if y = 1
1 otherwise

5. BTI1B (x, y) =

{
1 if x = y or max(x, y) 6= 1
0 otherwise

Proposition 16 Consider a mapping B : U2 → U and
an automorphism ρ. Then B satis�es (Bi) i� Bρ satis�es
(Bi), for i = 1, . . . , 4.
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Proof. (⇒) If B satis�es (Bi) for i = 1, 2, 3 then, from
Eq. (126) and the fact that ρ(1) = 1 and ρ(0) = 0, trivially
Bρ satis�es (Bi). Moreover, if w ≤ x ≤ y ≤ z, then becau-
se ρ is strictly increasing, ρ(w) ≤ ρ(x) ≤ ρ(y) ≤ ρ(z) and
so, since B satis�es (B4), we have that B(ρ(w), ρ(z)) ≤
B(ρ(x), ρ(y)). Therefore, because ρ−1 is strictly in-
creasing, ρ−1(B(ρ(w), ρ(z))) ≤ ρ−1(B(ρ(x), ρ(y))), i.e.,
Bρ(w, z) ≤ Bρ(x, y) and so Bρ satis�es (B4).
(⇐) Follows straightforwardly from (⇒) and the fact that
(Bρ)ρ

−1

= B.

Corollary 2 Consider a mapping B : U2 → U and an
automorphism ρ. Then B is an f-bi-implication i� Bρ is
also an f-bi-implication.

Proof. Straightforward from previous proposition.

Example 15 Let ρ be the following automorphism:
ρ(x) = x2 for each x ∈ U . Then:

1. BM (x, y) = BρM (x, y)

2. BP (x, y) = BρP (x, y)

3. BρL(x, y) =
√

1− |x2 − y2|

4. BD(x, y) = BρD(x, y).

5. BTI1B (x, y) = (BTI1B )ρ(x, y)

Note that equations 1, 4 and 5 from the previous example
hold good in fact for any choice of automorphism ρ.

De�nition 17 An f-bi-implication B is said to satisfy the
diagonal principle if B(x, y) 6= 1 whenever x 6= y.

Proposition 17 Let B be an f-bi-implication and ρ be an
automorphism. Then B satis�es the diagonal principle i�
its conjugate Bρ satis�es this same principle.

Proof. (⇒) If x 6= y then because ρ is injective,
ρ(x) 6= ρ(y) and so, because B satis�es the diagonal prin-
ciple, B(ρ(x), ρ(y)) 6= 1. Thus, because ρ−1 is injective,
then ρ−1(B(ρ(x), ρ(y))) 6= ρ−1(1), i.e., Bρ(x, y) 6= 1.
(⇐) Follows straightforwardly from (⇒) and the fact that
(Bρ)ρ

−1

= B.
As is well known, t-norms, s-norms and fuzzy implica-

tions, with the help of the truth constants 0 and 1, induce
`natural' classes of fuzzy negations [2]. In the case of a
(f -)bi-implication B, the natural negation is the function
NB : U → U de�ned by

NB(x) = B(x, 0) (127)

In the following result we check that the conjugate of the
natural fuzzy negation induced by a fuzzy bi-implication
coincides with the natural negation induced by the conju-
gate (with respect to the same automorphism) of the given
bi-implication.

Proposition 18 Let ρ be an automorphism and B be an
f -bi-implication. Then the equation (NB)ρ = NBρ holds.

Proof. Let x ∈ U . Then, by equations (126)
and (127), we have that Nρ

B(x) = ρ−1(NB(ρ(x))) =
ρ−1(B(ρ(x), 0)) = ρ−1(B(ρ(x), ρ(0))) = Bρ(x, 0) =
NBρ(x).

3.2 Automorphisms on classes of fuzzy bi-
implications based on a de�ning standard invol-
ving t-norms and fuzzy implications In the de�ni-
tions that follow, we assume fuzzy bi-implication B to be
presented through the so-called TI de�ning standard, ac-
cording to which B(x, y) = T (I(x, y), I(y, x)), where T is
a t-norm and I an r-implication.

De�nition 18 ([5]) The class of a-bi-implications con-
tains all binary operators B on U following the TI de�-
ning standard and based on an arbitrary t-norm T and on
its residuum IT , that is, operators de�ned by setting

B(x, y) = T (IT (x, y), IT (y, x)) (128)

Proposition 19 Consider a mapping B : U2 → U and
an automorphism ρ. Then B is an a-bi-implication i� Bρ

is an a-bi-implication.

Proof. (⇒) Assume B an a-bi-implication, and notice
that:

Bρ(x, y) = ρ−1(B(ρ(x), ρ(y))) =
by Eq. (126)

= ρ−1(T (IT (ρ(x), ρ(y)), IT (ρ(y), ρ(x)))) =
by Eq. (128)

= ρ−1(T (ρ ◦ ρ−1(IT (ρ(x), ρ(y))), ρ ◦ ρ−1(IT (ρ(y), ρ(x))))) =
= T ρ((IT )ρ(x, y), (IT )ρ(y, x)) =

by Eq. (126)
= T ρ(I(Tρ))(x, y), I(Tρ)(y, x)) =

by Prop. 15
Therefore, also Bρ is an a-bi-implication.

(⇐) Follows straightforwardly from (⇒) and the fact that
(Bρ)ρ

−1

= B.

Corollary 3 Consider a mapping B : U2 → U and an
automorphism ρ. Then B is an a-bi-implication and not
an f -bi-implication i� Bρ is an a-bi-implication and not
an f -bi-implication.

Proof. Straightforward from Proposition 19, Corollary
2 and the fact that (Bρ)ρ

−1

= B.

De�nition 19 ([5]) The class of `-bi-implications con-
tains all a-bi-implications based on left-continuous t-norms
and their corresponding residua.

Proposition 20 Consider a mapping B : U2 → U and
an automorphism ρ. Then B is an `-bi-implication i� Bρ

is an `-bi-implication.

Proof. Straightforward from Proposition 19 and
Corollary 1.

Corollary 4 Consider a mapping B : U2 → U and an
automorphism ρ. Then B is an a-bi-implication and not
an `-bi-implication i� Bρ is an a-bi-implication and not
an `-bi-implication.
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Proof. Straightforward from Propositions 19 and 20 and
the fact that (Bρ)ρ

−1

= B.

4. Conclusion

In this paper we considered the action of the group
of automorphisms on the three classes of fuzzy bi-
implications that were studied in [5], namely, f -bi-
implications, a-bi-implications and `-bi-implications. Mo-
re speci�cally, we proved that all three classes are closed
under automorphisms and therefore the actions of auto-
morphisms induce partitions of these classes. For exam-
ple, the equivalence class of the fuzzy bi-implication BM
is the singleton set {BM}, and analogously for the fuzzy
bi-implications BD and BTI1B and the singleton sets {BD}
and {BTI1B }, yet the equivalence class of BL is not a coun-
table set (to see that, in Ex. 15 it is su�cient to replace the
automorphism ρ(x) = x2 by ρ(x) = xr, with r a positive
real number).

This is a preliminary study, and several other aspec-
ts of the actions of automorphisms on bi-implications rest
to be investigated. On the one hand, it would seem only
natural to extend the present development to cover other
classes of fuzzy bi-implications, characterized by other de-
�ning standards, as for instance the IST de�ning stan-
dard based on the classical equivalence in between α⇔ β
and (α ∨ β) ⇒ (α ∧ β). In general, the classes of fuzzy
bi-implications that follow the IST de�ning standard are
not subclasses of the class of f -bi-implications. On the
other hand, it would also be interesting to extend the pre-
sent study to cover other particularly interesting subclas-
ses of the class of f -bi-implications, such as the so-called
restricted equivalence functions introduced in [4].
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